This paper presents a general 2.5D meshless MLPG methodology for the computation of the elastic response of longitudinally invariant structure subjected to the incident wave field. A numerical frequency domain model is established using the Fourier transform in time and longitudinal coordinate domains. This allows for significant reduction of computational effort required. In the MLPG method the Moving-Least Squares (MLS) scheme is employed for the approximation of the spatial variation of displacement field. No finite elements are required for the approximation or integration of unknowns. A small circular subdomain is introduced around each nodal point in the analyzed domain. Local integral equations derived from the governing equations are specified on these subdomains. Continuously non-homogeneous material properties are varying in the cross-section of the analyzed structure. A simple patch test is introduced to assess the accuracy and the convergence of developed numerical model. At the end of the paper, numerical examples illustrate the applicability of the proposed numerical formulation.
Introduction
The development of solution techniques for elastic wave propagation has been object of research over the years because the topic has a vast field of engineering applications in the field of civil and environmental engineering together with geophysical engineering or non-destructive analysis of materials and structures. Several reference works (Achenbach, 1973; Bedford and Drumheller, 1994) give a clear introduction to the topic of elastic wave propagation including nonhomogeneous solids (Berezovski et al., 2009 ).
The calculation of 3D elastic response of longitudinally invariant structures may become computationally demanding, unless more efficient techniques, such as 2.5D dimensional approach, are applied (Tadeu and Kausel, 2000) . In case of 2.5D approach only the crosssection of the structure is discretized and Fourier series expansion is used to retrieve the results in the longitudinal direction. Longitudinally invariant structures are considered to be roads, railway tracks, tunnels, pipelines, dams or alluvial valleys (Francois et al., 2010) . A wide range of tools is currently available for the analysis of elastic wave propagation in solid media including analytical techniques (Carcione et al., 1988) and numerical methods such as boundary element method (BEM) (Aliabadi, 2002; Tadeu, Kausel and Vrettos, 1996) or finite element method (FEM) (Zhang and Zhao, 1987 ). Tadeu and Antonio (2001) used 2.5D BEM approach for the layered elastic and acoustic domains. 2.5D FEM was applied by Hung et al. (2013) for the analysis of soil vibrations along the railway due to moving trains. Sheng et al. (2006) proposed a wave-number finite/boundary element method for predicting the vibration spectra for circular tunnel structures. Even though the FEM and BEM have encountered wide acceptance and success on a commercial market, they possess some drawbacks such as unavailability of fundamental solution for certain problems at BEM or locking of elements, stress discontinuity across elements or costly remeshing in large problems with moving boundaries related to FEM.
In recent time, a class of numerical approaches known as meshless methods has attracted considerable attention due to its potential to solve the above-mentioned. Among many meshless or meshfree methods available, the meshless local Petrov-Galerkin (MLPG) method (Atluri et al., 2000; Atluri, 2004) has received considerable scientific attention. MLPG is a truly meshless method, thus no elements are required neither for approximation nor for integration of unknowns. Meshless methods are also advantageous by their ability to efficiently treat problems with continuously non-homogeneous domains, since the unknown field quantities are approximated only in terms of nodes instead of elements used in mesh-based methods such as the FEM, thus the continuous variation of material properties is maintained exactly. Sladek, Sladek and Zhang (2003) applied the MLPG for the elastodynamic problems in continuously non-homogeneous bodies. Acoustic wave propagation in non-homogeneous media was analyzed by coupled BEM-MLPG approach in (Tadeu et al., 2014) . The MLPG method was applied for analysis of axisymmetric continuously non-homogeneous piezoelectric solids (Sladek et In the present contribution, the MLPG formulation is used for the modeling of the displacement responses of the 2.5D nonhomogeneous elastic domain. The analysis is performed in the frequency domain with the use of variables in the form of complex numbers. Nodal points are spread on the analyzed 2D domain without any restrictions. A small local circular subdomain is introduced around each nodal point. Local integral equations (LIEs) constructed from governing PDEs are defined over these circular subdomains. Moving Least-Squares (MLS) approximation scheme (Lancaster and Salkauskas, 1981 ) is used to approximate the spatial variations of electric and mechanical fields. The essential boundary conditions are satisfied by the collocation of MLS approximation expressions for prescribed displacements on boundary nodes.
Hollow cylinder with nonhomogeneous material properties is analyzed as a numerical example to demonstrate the applicability of present method. The patch test is first introduced to evaluate the accuracy of proposed formulation. Then non-uniform loading in the vertical direction is considered. The results at the cross-section of the cylinder are obtained from the nodal points while the results along longitudinal z-coordinate are computed using the Fourier series. Finally, some conclusions are given and the quality of the numerical results is discussed.
Governing equations for elastic wave propagation
Specification of the considered problem requires a mathematical formulation of governing equations for elastic wave propagation in nonhomogeneous solids. domain S  is shown in Fig.1 for 2D case. The local weak form of Eq. (3) is then written over each subdomain S  as
It is convenient to apply the Gauss divergence theorem for the left hand side integral in Eq. (6) that leads to
where   j n x is the unit normal vector and S  is the boundary of the subdomain S  .
Assuming the Heaviside unit step function for the test function
the following local integral equation (LIE) is finally obtained
Integrand in the first boundary integral in Eq. (9) can be identified as the Fourier transform
In general, a meshless method uses a local interpolation to represent the trial function with the values (or the fictitious values) of the unknown variable at some randomly located nodes. For the approximation of trial functions various approximation schemes such as radial basis functions (RBF), partition of unity (PU), reproducing kernel particle methods (RKPM) or moving least-squares (MLS) can be used within the framework of MLPG method (Atluri, 2004) . The moving least-squares (MLS) approximation used in our analysis may be considered as one of such schemes. According to the MLS method (Atluri, 2004) , the approximation of
where the nodal values   
Note that derivative in the longitudinal direction is defined as
Applying Eqs. (10, 12, 13) to approximation of trial functions   , ,
and their derivatives to Fourier transformed stress tensor (4) and its subsequent insertion into local integral equation (9) is leading to a set of discretized local integral equations in the following component form
A collocation approach is used to impose essential boundary conditions directly, using MLS variable approximation (10) . For natural boundary conditions local integral equations are written for the nodes on the appropriate segments of the global boundary as explained in (Atluri, 2004 ).
The patch test -verification and accuracy of the proposed model
Development of new computational methods for solving complex problems such as elastic wave propagation requires tools for checking the quality of computed results. The patch test can be considered as one of such numerical procedures to address the convergence of the applied method. Convergence, in sense of numerical computing, describes how the results, under specific conditions, approach the exact solution. The patch test was developed primarily for the finite element method (FEM) however it can also be used for other computational methods including MLPG as shown in (Stanak et al., 2012) .
In the present case, the known displacement field is prescribed on the boundary nodes using collocation of MLS approximation expression (10) . A homogeneous cylinder having radius (19) where the norm is given as
and t N is the total number of nodes used in the analysis. Using this error estimate the convergence of the method for varying nodal densities can be determined as shown in Fig. 5 . Results show that the longitudinal displacement 3 u is reaching the best accuracy than the remaining two; however the convergence rate for both quantities is almost the same. The errors for the displacement 2 u can be considered the highest because the source point of the load 0 x lies on the x-axis. Thus the resulting displacements 2 u are almost zero over the nodes lying on the x-axis which lead to increased errors. This numerical test showed that the developed formulation passed the patch test with positive convergence for increased number of nodes. 
Numerical examples
Results of numerical experiments are presented in this section to illustrate the applicability of the proposed MLPG formulation for a more general problem. The analysis of a hollow cylinder (pipe) with continuously nonhomogeneous material properties subjected to non-uniform load is considered. Schematic visualization of the geometry is shown in Fig. 6 (21) where 0 E is the initial value of Young's modulus,     The presented solution can be further extended for transient time analyses. Time responses can be obtained by applying an inverse Fourier transformation to computed set of spatial responses over a specified frequency range. This approach however requires significant computational power if the number of frequencies required is large.
Conclusions
A meshless local Petrov-Galerkin method (MLPG) is proposed for the solution of boundary value problems for elastic wave propagation in longitudinally invariant nonhomogeneous solids. The proposed method is a truly meshless method as no discretization elements were used for the approximation or integration of unknowns. The analyzed domain is divided into small overlapping spherical subdomains. The MLS approximation scheme has been used for approximation of trial functions. Using the Heaviside unit step function as a test function the boundary-domain formulation on each local subdomain has been obtained. The patch test analysis has showed a high accuracy of the present method. Applicability of the proposed meshless method is demonstrated on numerical examples assuming continuously nonhomogeneous material properties and non-uniform mechanical displacement loading. Collocation of the applied displacement field using the MLS approximations is simple and straightforward. A numerical application was used to illustrate the applicability of the proposed model for a hollow cylinder with variable elastic material properties. The analysis of displacement responses was found to be consistent with the physics of the problem.
